Two schemes for computing moments of free-form objects are developed and analyzed. In the ®rst scheme, we assume that the boundary of the analyzed object is represented using parametric surfaces. In the second scheme, we represent the boundary of the object as a constant set of a trivariate function. These schemes rely on a pre-computation step which allows fast re-evaluation of the moments when the analyzed object is modi®ed. Both schemes take advantage of a representation that is based on the B-spline blending functions. q
Introduction
Moments of objects are intrinsic to their shape. Thus, the ability to compute moments is necessary in a vast range of applications. Moments of inertia are used in mechanical design and analysis. For example, in the design of aircraft, ships, and automobiles the computation of moments of inertia (and products of inertia) are employed toward the determination of the dynamics of the vehicle. Moreover, in these application areas, B-spline surfaces are now the standard representation used in design.
Moments of inertia are even used in animation of human characters [7, 8] . In Refs. [7, 8] , control systems for human characters that perform several motion operations such as running, bicycling, or vaulting are considered. The animation processes require several successive re-evaluations of parameters that are described by equations, taking into account the moments of inertia of different body parts [8] . Moreover, in Ref. [7] the authors describe algorithms for automatically adapting existing simulated behaviors to new characters and require moments of inertia of the different body parts toward this end as well. A metamorphosis animation from a man to a woman was performed by creating intermediate models and relying on linear interpolation of the moments of inertia of the simulated body parts. Another useful application of moments can be found, for example, in optical character recognition systems [1] . Being intrinsic, moments of inertia can clearly be used in other object recognition applications; see Ref. [15] for a survey.
The literature on the computation of moments is vast. Work that deals with the problem of fast computation of moments in different models can be found, for example [10, 14, 18] . In Ref. [14] , the authors describe a model in which the volume of solids bounded by subdivision surfaces can be approximated. They sketch an extension to the evaluation of higher-order moments as well. However, in Ref. [14] the stress is on the subdivision process that the authors manage toward the volume estimation technique and its complexity.
In Ref. [10] , the authors de®ne the (p 1 q 1 r)-th order moment as where N £ N £ N is the size of the 3D volume of voxels, and f x; y; z 1 if x; y; z is in the object 0 otherwise ( : Ref. [10] only deals with uniform density objects that are represented in uniform resolutions. A computation model is presented in which moments are evaluated with no need for multiplications, given uniform density objects and uniform resolution. The trivariate expressions of x p y q z r , required in the moments de®nition, are computed in a pre-processing scheme. In order to compute m p;q;r , one is required to 
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compute all the moments m p 0 ;q 0 ;r 0 where p 0 # p, q 0 # q, r 0 # r. Ref. [10] presents a sequential algorithm, a parallel one, and a VLSI chip design which performs the computation. There is no generalization to the computation of moments of objects in higher dimension, although it is possible.
In Ref. [18] , the authors use a variant of the discrete divergence theorem that is featured in Ref. [4] . The computation is based on discretization of spels (space elements) of the domain of an implicit function which describes the boundary of the object. The authors admit that this method is sensitive to noise and discretization errors. The algorithm assumes a pre-computation stage that performs surface tracking. The input of the surface tracking algorithm consists of a point on the surface. Moreover, due to the surface tracking stage, the proposed algorithm assumes that the input objects have no holes. An O(N 2 ) complexity algorithm is claimed for convex objects. As in Ref. [10] , in order to compute m p;q;r , one is required to compute all the moments m p 0 ;q 0 ;r 0 where p 0 # p, q 0 # q, r 0 # r. This algorithm can be generalized for higher dimension objects.
Other related results are Refs. [5] and [2] . In Ref. [5] , the authors assume that the input is a free-form object bounded by parametric surfaces. They employ the Stokes theorem [4] to transform the computation of moments using integrals on volumes to integrals on the surface boundaries, of the input objects. In Ref. [2] , the author reformulates the computation of the area/volume of an object enclosed by a parametric B-spline curve/surface as a bi-linear/tri-linear form. This computation is also based on the Stokes theorem.
In this work, we propose two schemes toward the computation of moments of objects represented in (1) free-form polynomial or rational surface geometry or (2) via constant sets of trivariate polynomial or rational volumetric functions. We will refer to the ®rst scheme as the surface scheme and to the second as the volumetric scheme. In the surface scheme, we assume that the input object is bounded by a set of parametric B-spline surfaces, whereas in the volumetric scheme we assume that the boundary of the object is de®ned as a constant set of a trivariate B-spline function. For both representations, a major portion of the computation could be performed a priori, allowing ef®cient re-evaluations of moment during actual use.
B-spline blending functions are widely used in geometric modeling [3] . These polynomial or rational functions offer many attractive properties such as re®nement and subdivisions operations, and local support. Given an object that is represented using parametric B-spline surfaces, there exists some work that deals with the computation of volumes [2] . Objects represented using parametric Bernstein±Be Âzier forms are considered in Ref. [5] . The results in Ref. [5] could be improved and extended with the proposed precomputation that is suggested in this work, following ideas from Ref. [2] .
The presented surface scheme has the advantage that one can employ non-uniform B-spline functions with different orders in any direction and several resolutions, thus, the presented surface scheme is more general than the models known in the literature until now. The presented volumetric scheme is mostly usable in the context of uniform knot sequences, while the ability to employ non-uniform knot sequences is available at extra computational cost. Interestingly enough, the volumetric scheme allows one to compute the moments of objects with varying densities. In the case of uniform Bspline blending functions and coef®cients along a uniform three-dimensional grid, the computational demands could be greatly decreased and signi®cant portions of the computation could be made a priori. This paper is organized as follows. Section 2 reviews the concept of zero moments, de®nes the notation used for B-spline functions, and contains a description of the approach that we develop in the following sections. Section 3 lays down the algorithmic approach that we take toward the computation of moments for objects bounded by free-form parametric surfaces. The approach toward the computation of moments of objects bounded by constant sets of trivariate functions is described in Section 4. In Section 5, we go into the details of the implementation of the volumetric scheme for uniform B-spline functions. In Section 6, we present some examples and a comparison between the results computed by our algorithms and values that were derived discretely as well as analytically, for different objects. Finally, we conclude in Section 7.
Background
Let B i;k;t t be the i-th B-spline blending function of order k (degree k21) de®ned over knot sequence t . Hereafter, we will simply employ B i t or B i;k t to denote B i;k;t t. Given surface Su; v P i P j P ij B i;k u uB j;k v v; P ij x ij ; y ij ; z ij , the direction of the normal, N, of Su; v xu; v; yu; v; zu; v is:
. Following Ref. [5] , the signed zero moment M 0 , or the volume V, enclosed by the parametric surface S(u, v) equals,
where U is the parametric domain of S(u, v). In Ref.
[2], the author derives Eq. (2) for B-spline surfaces as follows:
This reformulation of the volumes allows one to rewrite Eq. (2) as a tri-linear form in x i u ;i v , y j u ; j v , and z l u ;l v : Let
and let
Then, with the assumption of a pre-computation of the values of F 0 i u ;i v ; j u ; j v ;l u ;l v that solely depends on the function space containing S(u, v), one can re-evaluate the volume of surface S(u, v) as a tri-linear product of the coef®cients of the surface, P ij :
As long as the function space of S(u, v) is ®xed, i.e. the same knot sequences and orders, F 0 i u ;i v ; j u ; j v ;l u ;l v remains the same. Moreover, a change in a few control points amounts to the re-evaluation of Eq. (4), for the modi®ed coef®cients and terms only.
We will employ a similar scheme to compute moments of higher orders, in the following sections. Expanding N z in Eq. (1), we have,
where, (3)).
Moments of free-form surface geometry
In Subsection 3.1, ®rst order moments will be considered, whereas in Subsection 3.2 second order moments are discussed. The extension to higher order moments is fairly simple and follows similar guidelines.
Computation of ®rst order moments
Following Ref. [5] , the ®rst order moments of an object enclosed by parametric surface S(u, v) can be expressed as:
Then, by substituting N z (u,v) from Eq. (5) into Eq. (6),
where
and
Following the computation of M 1 , the values M 2 and M 3 can be similarly derived as, 
The computation of the F i functions demands the ability to compute products and integrals of B-spline basis functions. See Refs. [9, 13] for several ways to evaluate these operators in the B-spline domain.
Moments of trivariate based geometry
In Subsection 4.1, we will introduce several key results that will be employed in Subsection 4.2 toward the computation of the moments. That is, they are integrals on products of B-spline blending functions with monomials.
Integration of products of B-spline blending functions with monomials
Assume t m ; t m11 is the last nontrivial interval of some B-spline function, and denote by x i the i-th power of x while x (i) denotes the i-th derivative of x.
Proposition 4.1. The following identities hold:
Proof. Eq. (7) is proved in Ref. [9] . We will prove the identity (8) here.
The derivative of a B-spline basis function equals [3] :
It follows that 11 for any i, k, l $ 0.
Proof. We prove that Eq. (11) holds for any i, k $ 0 by induction on l $ 0. In all stages of the proof we take into account that i, k $ 0 but do not write it explicitly. From Proposition 4.1 Eqs. (7) and (8) hold. These equalities are special cases of Eq. (11) where l 0 and l 1, respectively.
Let l . 0. Assume Eq. (11) holds for l21. We will prove that Eq. (11) holds for l.
Multiply both sides of Eq. (9) by t l and integrate. We have:
As in the proof of Ref. [8] , one can successively apply Eq. (9) while i , m and obtain 
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We will employ the results of Eqs. (7), (8), and (13) in the coming section.
Computation of moments of trivariate based geometry
Let dm be a differential element of mass. In our system, the mass distribution is de®ned as: The computation of the principal axes of inertia assumes the evaluation of the following integrals:
14 Thus, any of the values of I; I x ; I y ; I z ; I xx ; I yy , I zz , I xy , I xz , and I yz could be computed with the aid of Eqs. (7), (8) Any one of the integrals of Eq. (14) can be similarly decomposed, computing all the moments of inertia. In order to evaluate these volume integrals, one can use the identities of Proposition 4.1.
Implementation details
We have implemented the computation of moments for trivariate uniform B-spline blending functions with¯oating end conditions. The assumption of the uniformity of the knots allows us signi®cant simpli®cations in the computations. Assume t i11 t i 1 g for any i [ N.
Proposition 5.1. Given a uniform knot sequence, the following equalities hold: (i) . In Section 6, we refer to the computation of the integrals in Eq. (15) as pre-computation or table construction as it could be conducted off-line and to all other operations as the computation of the moments, that are conducted in real time.
Experimental results
We have computed the moments of several free-form surfaces as well as trivariate based geometry. We have employed the Irit [6] modeling environment in our implementation and experiments that are presented in this section. We have analyzed the behavior of our algorithms on trivariate objects such as a human head, and primitive trivariate shapes such as spheres, as well as bivariate geometry such as a ship hull.
We have computed the ®rst and second order moments of inertia of a ship hull, see Refs. [16, 17] for the data set. This Fig. 1 . The moments of the hull of the presented ship are computed in Table 1 . This part is centered around its center of mass, computed using the presented algorithm. Table 1 Moments of a ship hull shown in Fig. 1 surface was modeled as a bicubic B-spline surface of size 8 £ 8 mesh. The surface has a ®xed thickness set to it (2 inches thick for a total length of shown part of 384 feet). The computation consisted of two steps. First, we computed the volume and the ®rst order moments, and translated the center of mass of the ship hull into the origin. In the second step we computed the moments of second order. Fig. 1 shows the surface of a ship hull centered at the origin. Table 1 presents the mass and the second order computed moments. I xy and I xz are virtually zero due to the symmetry of the shape.
Mass
We have also computed the moments of inertia with the presented trivariate based method, of several primitives such as spheres and cylinders, as well as complex volumetric data such as a medical scan of a human head and a human knee. The results were compared to the straightforward discrete computation approach, in which we computed the moments of the objects by summing up over all the voxels and taking into account the distances of the voxels to the origin. Moreover, our results were compared to the analytic solution, whenever available. This comparison allows us to analyze the accuracy of our model. Moreover, as will be shortly shown, not only have we been able to evaluate the moments directly from the trivariate, but the trivariate based methods provide a better approximation, as compared to the discrete approach.
We have executed our program on a SUN Ultra-Enterprise E4500. The pre-processing stage time is bounded by 0.19 ms for the most complex patch, that consists of 128 £ 128 £ 256 scalar values.
In the following tables, the spheres and the cylinders are characterized by radius r and height h. All the trivariate patches of the spheres and cylinders are cubes with a unit size.
In Table 2 , the moments of inertia of six different spheres are compared. Here, we have that I xy I xz I yz 0. The computation times of the algorithm based on trivariate methods and the times required for the discrete method are also provided in seconds.
In Table 3 , the moments of inertia of six cylinders are compared. Again, here we have that I xy I xz I yz 0. The computation times of the algorithm based on the introduced trivariate methods and the times required for the discrete method are also provided in seconds.
We also employ two real life examplesÐa human head and a human knee. The scalar values that were provided in these data sets were assumed to re¯ect the mass. While not necessarily the case, one can always map these scalar values that hint on the tissue type into the actual mass.
In Table 4 , we employ the algorithm of the computations of moments on a real scanned image of a human head (see Fig. 2 ). While our algorithm needs 4.368 s to compute the moments, the discrete algorithm needs 0.503 s for the same task. The time required to modify one scalar coef®cient and re-evaluate Table 3 Trivariate methods based, discrete, and analytic computations of moments of a cylinder the new moments of the object as a result of this single coef®-cient change is 8.37 ms. In Table 5 , we present the results of computations on a human knee (see Fig. 3 ). While the trivariate based method needs 4.94 s to compute the moments, the discrete method requires 0.58 s for the same task.
Conclusions and future work
In the volumetric scheme, in order to compute a certain moment we do not need to compute all the lower order moments. Our experimental results in Section 6 show that the proposed algorithms result in a direct evaluation scheme of moments that is also more robust and accurate, where the errors of computation for several objects are presented in the tables of Section 6. Moreover, the volumetric scheme is equally valid, regardless of the existence of holes in the object or even discontinuities or disjoint parts.
Finally, while in both schemes we have considered mostly the computation of moments of second order, the generalization for moments of arbitrary orders is technical. Future work will also deal with the possibility of the generalization to objects in higher dimensions. 
